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Abstract. We prove turan type inequalities for Dunkl kernel. We provide a 
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1. Introduction 

In 1941, Paul Turan established the famous Turan inequality for Legendre polyno¬ 
mials. 

Pn-l{x)Pn+l{x) <\Pn{x)f , |x| < 1, R = 1, 2, ... 

In 1948, Gabor Szego presented elegant proofs of Turan inequality for Legendre poly¬ 
nomials and extented the result to Gegenbauer, Laguerre and Hermite polynomials. 
After 1948 analogous results were obtained by several authors for a large class of 
orthogonal polynomials and special functions (for example Bessel, g-Bessel, modihed 
Bessel, polygamma, Riemann Zeta functions). In 1981 one of the PhD student of P. 
Turan, L. Alpar [1] in Turans bibliography mentioned that the above Turan inequality 
had a wide ranging effect. Actually, the Turan type inequalities have a more exten¬ 
sive literature and recently the results have been applied in problems arising from 
many helds such as information theory, economic theory and biophysics. Recently it 
has been shown by A. Baricz iSli that the Gauss and Kummer hypergeometric 
functions, as well as the generalized hypergeometric functions satisfy some Turan 
type inequalities. For deep study about this subject we refer to [SlISElCniDSlIIl]. 

In this paper our aim is to provide some new Turan type inequalities for Dunkl kernel 
and g-Dunkl kernel. 

Our paper is organized as follows : in section 2, we present some preliminary results 
and notations that will be useful in the sequel. In section 3, using the series expansion 
of the Dunkl kernel E^{X,x), we prove that the function r i —y E^{X,x) is log- 
convex on (0,cxd). In particular we deduce some Turan type inequalities for the 
Dunkl kernel. Using an integral representation, we show analogous results for the 
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normalized Dunkl kernel E^{X, x). In section 4, using the series expansion of the q- 
Dunkl kernel we prove that the function u \—> E^{x,q‘^) is log-convex on 

]0, oo[, in particular we deduce some Turan type inequalities for the q-Dunkl kernel. 
We establish a q-integral representation for g-Dunkl kernel . Using a g-version of 
Schwartz inequality, we deduce some Turan type inequalities for the the normalized 
g-Dunkl kernel. As application, in section 5, we give some hyperbolic Jordan’s type 
inequalities for hyperbolic functions. 


2. Notations and preliminaries 
The Euler gamma function r(^) is dehned for TZ{z) > 0 , by 


rW = 




The psi(or digamma) function 'ip{z) is the logarithmic derivative of r(z), that is, 

r'(z) 




r(z) 


It’s well known tha the digamma function satisfies 

1 1 


7/;(x) = -7+ (x- 1)^ 


fc >0 


{k + l){x + k)’ 


X > 0, 


where 7 is the Euler constant. Thus the digamma function is concave in ]0, 00 [. 


Throughout the section 4, we will £x q g]0,1[. We recall some usual notions and 
notations used in the g-theory (see [10] and [13]). 

We refer to the book by G. Gasper and M. Rahman [10], for the notations, dehnitions 
and properties of the g-shifted factorials and g- hypergeomtric functions. 

We note 

= {g” : n E Z}. 

The g-derivative Dgf of a function / is given by 


(DMx) 


f{x) - fjqx) 
(1 — q)x 


if X ^ 0 , 


(Ug/)(0) = /'(O) provided /'(O) exists. If / is differentiable, then {Dgf){x) tends to 
f\x) as g tends to 1 . 

The g-Jackson integrals from 0 to a, from 0 to cxd and in a generic interval [a, h] are 
defined by (see HU) 



f{x)dqX 


n=Q 



f{x)dqX 


00 

(1 - 9 ) E TT)9". 

n=—oo 
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provided the sums converge absolutely, and 

pb nh 

/ f{x)dgX = / f{x)dgX - 

Ja Jo Jo 

The improper integral is defined in the following way (see m) 

OO 

f{x)dqX = {l-q) f 

n=—oo 

We remark that for n G Z, we have 


f{x)dgX. 


qn\ qU 


A A' 


/ f{x)dgX = / f{x)dgX. 

Jo Jo 

g-Analogues of the exponential functions ( see mm) is given by: 


e{q,z) =1 (y9o(0 ;-;g,z) = Y 


(1-gy 

n=o 




A-,q)c 


For the convergence of the series, we need | 2 ; |< 1; however, due to its product 
representation, Cg is continuable to a meromorphic function on C and has simple 
poles at z = q~'^, n G N. 


E{q;z) = Yl 


n(n—l) Z 
2 


{q-,q)r 


+ zec. 


n=0 k=0 

Jackson m defined a g-analogous of the Gamma function by 

{q-,q)c 


Tg{x) = 

" {qAq). 

It is well known that it satisfies: 


-(1-g) 


1 — X 


X ^ 0, 1 , 2 ,.... 


r„(x + 1 ) =- ^r„(x), r„(l) = l and lim r„(x) = r(x), 3fJ(x) > 0. 

1- q ^ q^i- 

The g-psi (or g-digamma) function is defined as the Logarithmic g-derivative of the 
g-gamma function: 

ijgix) = 


r,(a;) 


and satisfies: 


^IliL 

'ipq{x) = -Log{l - g) + Log{q) Y ^ _ n ’ J ^]0a[, 

n=l ^ 

where Log{x) means Loge{x). 

The g-modified Bessel function of first kind is defined by ( see [6] ) 




E 




z < 


1 — g^ 
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The normalized g-modified Bessel function of the hrst kind is defined by : 


,(z;«") = (1 + +1) ^(1) (2(1 _ f) 


3. Turan Type Inequalities for Dunkl kernel 
We recall that the Dunkl operator is defined for / G C^(M) by : 


( 1 ) 


Tyf{x) = f{x) + 


V 


X 


fix) - fi-x) 


p > 0. 


For A G C, the Dunkl kernel E^{X,.) on M was introduced by C. Dunkl in [9] and is 
given by : 


( 2 ) 


E^{X,x) = j^_iiiXx) + 


Xx 


-j^+diXx), 


2 ' ' 2 z /+ 1“‘'^2 

where ja is the normalized Bessel function of the hrst kind of order a . The Dunkl 
kernel Ey{X, x) is the unique solution on M of the initial problem associated to Dunkl 
operator : 

(3) TJ{x) = Xf{x), /(0) = 1, xgM. 

Lemma 1. (see 1121 ). For A, X G M and n > 0, the Dunkl kernel Ey{X^ x) admits the 
series expansions 

(Ax)*" 


( 4 ) 

where 

( 5 ) 


n=0 ' 


62 n(p) = n\ 


2n^,r(^ + ^ + 1) 


&2n+l(p) — 2(P + l) 62 n(P + !)• 


r(p + i) ’ 

Lemma 2. For A,x G M and n > Q, the Dunkl kernel Ey{X,x) admits the following 
integral representation 

(6) E„{X,x) = ci^u) [ - t‘^)''~^{l+ t)dt, 


'-1 


where c(p) = 


r(p + |) 
r(4)r(p) 


Theorem 1. For A, x G M"*", the function v \—)■ E^{X, x) is log-convex on ]0, oo[ 


i.e 


(7) F;„i2i+(i-a)i.2(A,x) < [F;i2i(A,x)]" [F;i,2(A,x)]^ " , Vpi> 0,P2>0, VaG[0,l]. 

In particular, we get Turan type inequalities for Dunkl kernel : 


(8) 


[i7i.+i(A, x)]^ < E,,{X,x)E,,+2{X,x), Vp > 0. 
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Proof. To show the Log-convexity of the function u i— > E^{X,x), we just need to 
show the Log-convexity of each term of its series expansion and then, we use the fact 
that sums of Log-convex functions are Log-convex too. 

Let n > 0, since the function tf) is concave on ]0, cxd[, we get : 

='ll;'{u + 1) - ^i/j'{u + n + 1) > 0 

b2n{l^) 

and 

^ )] = 'iIj'{u + 2)-ij'{io + n + 2)+ ^ > 0 . 

b2n+i{’^) [ly + iy 

Thus for 1^2 > 0, a E [0,1] : 

l ; c .^ i +( i _„)^ 2 ( a , x ) < [E^yx,x)y [E^yx,x)]^~°'. 

In particular; for z/ > 0, ui = u, 1/2 = + 2. and a = ^ , Turan type inequality 

for Dunkl Kernel is deduced. ■ 


Definition 1. For A, t G M and n > 0, the normalized Dunkl kernel is defined by 


(9) EfiX,x) =—EfiX,x), 
where Cy is given by (7). 

Theorem 2. For X,x eM , the function u 1 —> EfiX, x) is log-convex on ]0, cxd[ 
i.e 

( 10 ) 

^ -| Q; r ^ -\l—a 

L;„j,^+(i_a),. 2 (A,a;) < EyfiX,x) EyfiX,x) , Vz/i > 0, z /2 > 0, Vo G [0,1]. 
In particular; we get Turan type inegualities for normalized Dunkl kernel : 


( 11 ) 


l2 


Ey+i{X,x) < Ey{X,x)Ey^ 2 {>^,x), Vz/> 0. 


Proof. Using the integral representation (6) of the Dunkl Kernel and Holder inequal¬ 
ity we have, for z/i, z ^2 >0 and a g]0 , 1[ 

(A, t) = /' e""*(l - + t)dt 


'-1 


+ + t)Y "dt 


< 


< 


+ t)dt 


1-1 


+ t)dt 


f-1 


l—a 


EyfiX,X) EyfiX,X) 


1—a 
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In particular; for n > 0, Ui = u, U 2 = i' + 2 and a = |, we get Turan type 
inequalities for the normalized Dunkl Kernel. ■ 


4. Turan Type Inequalities for ^-Dunkl kernel 
W e consider the g-Dunkl operator Tq^iy dehned by : 


( 12 ) 


Tq,uf{x) = Dqf{x) + 


[2v + 1]^ 


X 


fiQx) - f{-qx) 


We note that the g-Dunkl operator Tq^iy tends to the Dunkl operator as g —)■ 1 . 
Definition 2. (g-Dunkl kernel) 

For q €]0,1[ and |a;| < — - we define the q-Dunkl kernel by 


(13) 


(1 -g)^ 

Efix] q^) = Xfix\ q^) + 


X 


-Xu+i{x-, g^), 


(1 + g) [P + V\q2 

where Xfix\ q^) is the normalized q-modified Bessel function of the first kind. 

Lemma 3. For q g]0,1[, |A| < the q-Dunkl kernel EfiX.-^q^) is the unique 
analytic solution of the q-problem 

(14) Tq^Jix) = Xf{x), /(0) = 1. 

1 


Lemma 4. For |x| < 
pansions 

(15) 

where 

(16) 


, The q-Dunkl kernel Efix'^q^) admits the series ex- 


{l-qf 

Efix- q^) = ^ 


00 h 

X 




k=0 


hk{i^-,qy = 


(1 -|- qfiVq2{k F l)Tq2(^u -1- A) -|- 1) 

Tq2(l' + 1) 


(17) 


62 fc+i(p;g ) = 


2 , (1 -|- g)^^^^rg2 (/c F V)V q2{y F k F2') 


Tq2{li F 1) 

Theorem 3. For q g]0, 1[ and x, X E [0, the function v \—)■ EfiXx] g^) is log- 
convex on ]0, cx)[, 
i.e 
(18) 

Ec„y,+(i-a)u 2 i>^x; q^ < [T^,(Ax;g^)]“ [E^fiXx;qyf Vni,n 2 >0, Vo G [0,1]. 
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In particular; the Turdn type inequalities for The q-Dunkl kernel holds : 

(19) [E^+i{Xx;q‘^)Y < E^{Xx;q'^)E^+2{Xx;q‘^), Wu > 0. 

Proof. As in the classical case, we establish the Log-convexity of the function 
p I —> Eiy{Xx] q^) by proving the Log-convexity of each term of its series expansion, 
and then we use the fact that the sums of Log-convex functions are Log-convex too. 
Let /c > 0, Since is decreasing on ]0, cxd[, we get: 

(iz/2 


Log 


and 


dp'^ 


Log 


1 

b2k+i{i';q‘^ 


= fj' 2{p + i) - 'ijj'2{p + k + 1) >0 


= 1p'q2{P + 1) - 'll)' 2{P + k + 2) >0 


Consequently, the function p i —> E^i^Xx] q^) is Log-convex on ]0, cx)[ : 


Etu^+(i_a)^.^{Xx]q^) < [Ey^{Xx]q^)Y g^)] ^ ", 'iPi,P2 >0, Va G [0,1], 

In particular; for a = \ P\ = p^ P 2 = p P 2., Turan types inequality for g-Dunkl 
Kernel holds. ■ 


Lemma 5. For all q g] 0, 1[, |x| < 
representation : 


(l-qy 


, the q-Dunkl kernel admits the q-integral 


( 20 ) 

where 

( 21 ) 

and 

( 22 ) 


E^ix-.q^) = C(v,q^) / W.,{t\q^)(l + t)E{q,(l - q)tx)d,t, 




C{p, q^) = 


(1 -I- q)Tq2[p -I- 1) 


2rq2(i)rq2(i/ -f 1) 
W,{x- q^) = 


2. (T2g2;g2)^ 


(x2g2'^+i;g2)^' 

, as in |T6], the normalized g-modi£ed Bessel 


Proof Let q e]0,l[, |x| < 

function of hrst the kind admits the following integral representation : 

(23) A(x;g^) = C(i2,g2) y Wq,{t] q^)E{q, {1 - q)tx)dgt, 

where C{p, q‘^);Wu{t; q"^) are given respectively by (21) and (22). 
Knowing that, 

(24) 


Dg{E{{l - q)x; g)) = E{{1 - q)x; g) 
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and since 

(25) E^{x] q^) = Iy{x-, q^) + Dq{I^{x] q^)). 

Using (23), (24) and (25), we get : 

E^{x] q^) = I^{x] q^) + U>q(4(x; q^)) 

= C{u,q‘^) j W^{t-,q‘^)E{q,{l-q)tx)dgt+C{u,q‘^) j W^{t] q‘^)Dg[E{q, {l-q)tx)]dgt 
= C{v,q^) J W^{t-,q^)E{q,{l-q)tx)dgt + C{u,q^) J q‘^)tE{q, {1 - q)tx)dgt. 


Definition 3. For all q g]0, 1[ and |x| < the normalized q-Dunkl kernel is 


defined by 

(26) 

where C{v,q^) is given by (21). 


Efix-,q ) = 


C{u, g2) ’ 


Theorem 4. For q g] 0,1[, |a;| < --^ 

[l-qy 

E^{x;qy satisfy a Turdn type inequality , 
i.e 


, the the normalized q-Dunkl kernel 


(27) 


Proof. Let q g] 0, 1[, > 0 and |a;| < 


E^+i{x; q^ I < Efix] qyE^+ 2 {x] q^, Vz/ > 0. 

1 


a-qy 


Using the relation : 

{q^'^+^xy qy^ = (1 - xY’^+yiq^^+^xy qy^, 

we get : 

(28) W,+fix,qy < [Wfix,qyY^ [lU,+2(a:, g')] ^ 

where W^{x,qy is given by (22). 

Using (28), the g-version of Schwatz inequality and the g-integral representation of 
the g-Dunkl Kernel, we obtain: 

for n > 0, q gIO, and Ul < --^ 

(1 - qy 

K+fix] qy = j W^+fit] g^)(l + t)Eg{{l - q)tx)dgt 
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< / g^)(l + - g)ia;)]2 X [Wu+ 2 {t;q^){l + t)Eg{{l-q)tx)]^dqt 


< / W,y{t-,q^){l + t)Eq{{l-q)tx) x / iy^+ 2 (t; g )(1 + t)£;g((l - g)tx) 


1 

E^{x]q^) " E^+2{x;q^) 


5. Applications 

Theorem 5. The following assertions are true : 

(1) For A, T > 0, the function v \—)■ ^ is increasing on ]0, cxd[. 

Eyj^Ax q^) 

(2) For q g]0, 1[ and x, A G [0, y^[, the function v i—)■ ^ ^ is increasing 
on ]0, cxd[. 

Proof. From Theorems 1 and 3, we deduce the Log-convexity of the functions 

'E +i(A x'' 

V I—)■ Ey{\, x) and z/ i—)■ E,y{x, q^) on ]0, cxd[. Thus, the functions v \—)■ Log ^ ^ 

Xj 

and u I— > Log — ^ increasing on ]0,cxd[. Which completes the proof. 

L E^{x,q^) J 


In the next corollary, we give some hyperbolic Jordan’s type inequalities for hyper¬ 
bolic functions. 

Corollary 1. the following inequalities are valid : 

M \ X ^ sinhx 

(1 — x)e <- ; X > 0 

X 

/I , \ -a; / sinhx 

(1-1 -x)e <- ;x<0 . 

X 

Proof. Since the function u i —y is increasing on ]0, cxd[, we get : 

Eu+i{\,x) ^ ^ 

f;,,(a,x) “ 

By the dehnition of the Dunkl Kernel and since : 

jziiiix) = coshx, 
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sinh X 




X 




= -3( 


sinh X cosh x , 


x-^ 


x^ 


we conclude. The second inequality is deduced by parity. 
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